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A COMBINATORIAL DESCRIPTION OF HOMOTOPY GROUPS
OF SPHERES∗
ROMAN MIKHAILOV AND JIE WU†
Abstract. We give a combinatorial description of general homotopy groups
of k-dimensional spheres with k ≥ 3 as well as those of Moore spaces. For n >
k ≥ 3, we construct a finitely generated group defined by explicit generators
and relations, whose center is exactly pin(Sk).
1. Introduction
The purpose of this article is to give an explicit combinatorial description of
general homotopy groups of k-dimensional spheres with k ≥ 3 as well as those of
Moore spaces. The description is given by identifying the homotopy groups as the
center of a quotient group of the self free products with amalgamation of pure braid
groups by certain symmetric commutator subgroups.
A combinatorial description of pi∗(S2) was discovered by the second author in
1994 and given in his thesis [20], with a published version in [22]. This description
can be briefly summarized as follows. Let Fn be a free group of rank n ≥ 1 with
a basis given by {x1, . . . , xn}. Let Ri = 〈xi〉Fn be the normal closure of xi in Fn
for 1 ≤ i ≤ n. Let Rn+1 = 〈x1x2 · · ·xn〉Fn be the normal closure of the product
element x1x2 · · ·xn in Fn. We can form a symmetric commutator subgroup
[R1, R2, . . . , Rn+1]S =
∏
σ∈Σn+1
[. . . [Rσ(1), Rσ(2)], . . . , Rσ(n+1)].
This gives an explicit subgroup of Fn with a set of generators that can be understood
by taking a collection of iterated commutators. By [22, Theorem 1.4], we have the
following combinatorial description on pi∗(S2).
Theorem 1.1. For n ≥ 1, there is an isomorphism
pin+1(S
2) ' R1 ∩ · · · ∩Rn+1
[R1, . . . , Rn+1]S
Moreover, the homotopy group pin+1(S
2) is isomorphic to the center of the group
Fn/[R1, R2, . . . , Rn+1]S. 
The groups Fn/[R1, R2, . . . , Rn+1]S can be defined using explicit generators and
relations. This situation is very interesting from the group-theoretical point of view:
we don’t know how to describe homotopy groups pi∗(S2) in terms of generators and
relations, but we can describe a bigger group whose center is exactly pi∗(S2).
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000-137-112) and AcRF Tier 2 (WBS No. R-146-000-143-112) of MOE of Singapore and a grant
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2 ROMAN MIKHAILOV AND JIE WU†
It has been the concern of many people whether one can give a combinatorial
description of homotopy groups of higher dimensional spheres, ever since the above
result was announced in 1994. Technically the proof of this theorem was obtained
by determining the Moore boundaries of Milnor’s F [K]-construction [17] on the
simplicial 1-sphere S1, which is a simplicial group model for ΩS2. A canonical
approach is to study Milnor’s construction F [Sk] ' ΩSk+1 for k > 1. Although
there have been some attempts [23] to study this question using F [Sk], techni-
cal difficulties arise in handling Moore boundaries of F [Sk] in a good way, and
combinatorial descriptions of homotopy groups of higher dimensional spheres using
simplicial group model F [Sk] would be very messy.
In this article, we give a combinatorial description of pi∗(Sk) for any k ≥ 3 by
using free product with amalgamation of pure braid groups. Our construction is as
follows. Given k ≥ 3, n ≥ 2, let Pn be the n-strand Artin pure braid group with
the standard generators Ai,j for 1 ≤ i < j ≤ n. We construct a subgroup Qn,k of
Pn from cabling as follows. Our cabling process starts from P2 = Z generated by
the 2-strand pure braid A1,2.
Step 1. Consider the 2-strand pure braid A1,2. Let xi be (k − 1)-strand
braid obtained by inserting i parallel strands into the tubular neighborhood
of the first strand of A1,2 and k − i − 1 parallel strands into the tubular
neighborhood of the second strand of A1,2 for 1 ≤ i ≤ k − 2. The picture
of xi is as follows:
Where N+1=k-1
Step 2. Let αk = [. . . [[x
−1
1 , x1x
−1
2 ], x2x
−1
3 ], . . . , xk−3x
−1
k−2, xk−2] be the
(k − 1)-strand braid.
Step 3. By applying the cabling process as in Step 1 to the element αk,
we obtain the n-strand braids yj for 1 ≤ j ≤
(
n−1
k−2
)
.
Let Qn,k be the subgroup of Pn generated by yj for 1 ≤ j ≤
(
n−1
k−2
)
. Now consider
the free product with amalgamation
Pn ∗Qn,k Pn.
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Let Ai,j be the generators for the first copy of Pn and let A
′
i,j denote the generators
Ai,j for the second copy of Pn. Let Ri,j = 〈Ai,j , A′i,j〉Pn∗Qn,kPn be the normal
closure of Ai,j , A
′
i,j in Pn ∗Qn,k Pn. Let
[Ri,j | 1 ≤ i < j ≤ n]S =
∏
{1,2,...,n}={i1,j1,...,it,jt}
[[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ]
be the product of all commutator subgroups such that each integer 1 ≤ j ≤ n
appears as one of indices at least once. By Lemma 3.6, this product can be given
by taking over those commutator subgroups [[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ] such that
1) {i1, j1, . . . , it, jt} = {1, 2, . . . , n} and
2) {i1, j1, . . . , it, jt}r {ip, jp} 6= {1, 2, . . . , n}.
Our main theorem is as follows:
Theorem 1.2. Let k ≥ 3. The homotopy group pin(Sk) is isomorphic to the center
of the group
(Pn ∗Qn,k Pn)/[Ri,j | 1 ≤ i < j ≤ n]S
for any n if k > 3 and any n 6= 3 if k = 3.
Note. The only exceptional case is that k = 3 and n = 3. In this case, pi3(S
3) = Z
while the center of the group is bigger than Z.
The center of the group (Pn ∗Qn,k Pn)/[Ri,j | 1 ≤ i < j ≤ n]S is in fact given by
Brunnian-type braids in the following sense: Let d¯k : Pn → Pn−1 be the operation of
removing the k-th strand for 1 ≤ k ≤ n. A Brunnian braid means an n-braid β such
that d¯kβ = 1 for any 1 ≤ k ≤ n. Namely β becomes a trivial braid after removing
any one of its strands. This notion can canonically be extended to free products of
braid groups. In other words, we have a canonical operation d¯k : Pn ∗Pn → Pn−1 ∗
Pn−1 which is a group homomorphism such that, for each n-braid β in the first copy
of Pn or the second copy of Pn, d¯kβ is the (n−1)-strand braid given by removing the
k-th strand of β. A Brunnian-type word means a word w such that d¯kw = 1 for any
1 ≤ k ≤ n. Without taking amalgamation, it can be seen from our techiniques that
the Brunnian-type braids are exactly given by the symmetric commutator subgroup
[Ri,j | 1 ≤ i < j ≤ n]S . However the question on determining Brunnian-type braids
after taking amalgamation becomes very tricky. The question here is about the
self free product of Pn with the amalgamation given by the subgroup Qn,k. It is
straightforward to check that the strand-removing operation d¯k maps Qn,k into
Qn−1,k and so the removing operation d¯k : Pn ∗Qn,k Pn → Pn−1 ∗Qn−1,k Pn−1 is
a well-defined group homomorphism. From our construction of simplicial groups
given by free products with amalgamation, the Brunnian-type braids in Pn ∗Qn,k Pn
are exactly the Moore cycles in our simplicial group model for ΩSk and so the
center1
Z((Pn ∗Qn,k Pn)/[Ri,j | 1 ≤ i < j ≤ n]S) ∼= pin(Sk)
is exactly given by the Brunnian-type braids in Pn ∗Qn,k Pn modulo the subgroup
[Ri,j | 1 ≤ i < j ≤ n]S . One important point concerning Brunnian-type braids of
the self free product with amalgamation of Pn is that the homotopy groups pin(S
k)
can be given as quotient groups for any k ≥ 3.
1For a group G, we denote its center by Z(G).
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Mark Mahowald asked in 1995 whether one can give a combinatorial description
of the homotopy groups of the suspensions of real projective spaces. In this article,
we also give a combinatorial description of the homotopy groups of Moore spaces
as the first step for attacking Mahowald’s question. Let M(Z/q, k) be the (k + 1)-
dimensional Moore space. Namely M(Z/q, k) = Sk ∪q ek+1 is the homotopy cofibre
of the degree q map Sk → Sk. If k ≥ 3, we give a combinatorial description of
pi∗(M(Z/q, k)) given as the centers of quotient groups of threefold self free product
with amalgamation of pure braid groups, which is similar to the description given in
Theorem 1.2. (The detailed description will be given in Section 4.) This description
is less explicit then the one given in Theorem 1.2, but it leads to combinatorial
descriptions of homotopy groups of finite complexes from iterated self free products
with amalgamations of pure braid groups.
For the homotopy groups of 3-dimensional Moore spaces, there is an explicit
combinatorial description that deserves to be described here as it arises in certain
divisibility questions concerning braids. Let x1, . . . , xn−1 be n-strand braid ob-
tained by cabling A1,2 as described in step 1 of the construction for the group Qn,k.
It was proved in [5] that the subgroup of Pn generated by x1, . . . , xn−1 is a free group
of rank n − 1 with a basis given by x1, . . . , xn−1. Let Fn−1 = 〈x1, . . . , xn〉 ≤ Pn
be the subgroup generated by x1, . . . , xn−1. Given an integer q, since Fn−1 =
〈x1, . . . , xn−1〉 is free, there is a group homomorphism φq : Fn−1 → Fn−1 such that
φq(xj) = x
q
j for 1 ≤ j ≤ n− 1. Now we form a free product with amalgamation by
the push-out diagram
Fn−1 ⊂ - Pn
Fn−1
φq
?
∩
- Pn ∗φq Fn−1,
?
namely the group Pn∗φqFn−1, which is the free product by identifying the subgroup
Fn−1 with the subgroup of Fn−1 generated by x
q
1, . . . , x
q
n−1 in a canonical way.
Let yj denote the generator xj for Fn−1 as the second factor in the free product
Pn ∗φq Fn−1 for 1 ≤ j ≤ n− 1. Let
R1 = 〈y1〉Pn∗φqFn−1 , Rj = 〈yj−1y−1j 〉Pn∗φqFn−1 , Rn = 〈yn−1〉Pn∗φqFn−1
be the normal closure of y1, yj−1y−1j , yn−1 in Pn ∗φq Fn−1, respectively, for 2 ≤ j ≤
n − 1. Let Rs,t = 〈As,t〉Pn∗φqFn−1 be the normal closure of As,t in Pn ∗φq Fn−1
for 1 ≤ s < t ≤ n. Define the index set Index(Rj) = {j} for 1 ≤ j ≤ n and
Index(Rs,t) = {s, t} for 1 ≤ s < t ≤ n. Now define the symmetric commutator
subgroup
[Ri, Rs,t | 1 ≤ i ≤ n, 1 ≤ s < t ≤ n]S =
∏
{1,2,...,n}=
t⋃
j=1
Index(Cj)
[[C1, C2], . . . , Ct],
where each Cj = Ri or Rs,t for some i or (s, t).
Theorem 1.3. The homotopy group pin(M(Z/q, 2)) is isomorphic to the center of
the group
(Pn ∗φq Fn−1)/[Ri, Rs,t | 1 ≤ i ≤ n, 1 ≤ s < t ≤ n]S
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for n 6= 3.
Note. For the exceptional case n = 3, pi3(M(Z/q, 2)) is contained in the center
but the equality fails.
Some remarks concerning the methodology of this paper are given next. The no-
tion of simplicial sets and simplicial groups have been largely studied since it was
introduced in the early of 1950s, when D. Kan established the foundational work for
simplicial homotopy theory [11, 12]. Various important results have been achieved
by studying simplicial groups. For instance, the Adams spectral sequence can be
obtained from the lower central series of Kan’s construction [3] for computational
purpose on homotopy groups. A combinatorial description of general homotopy
groups of S2 was given in [22] with important progress in connecting to Brunnian
braids [2]. This description was generalized in [8] by studying van Kampen-type
theorem for higher homotopy groups. Serious study of Brunnian braids [1, 15] in-
troduced the notion of symmetric commutator subgroups in determining the group
of Brunnian braids on surfaces S for S 6= S2 or RP2. By using this notion together
with the embedding theorem in [5, Theorem 1.2] as well as the Whitehead Theorem
on free products with amalgamation of simplicial groups [13, Proposition 4.3], we
are able to control the Moore boundaries of our simplicial group models for the
loop spaces of spheres and Moore spaces, which leads to our results.
Theorems 1.2 and 1.3 have more theoretical significance rather than computa-
tional purpose. It addresses the importance and complexity on the questions con-
cerning Brunnian-type braids in free products with amalgamation of braid groups.
The article is organized as follows. In Section 2, we study free products with
amalgamation of simplicial groups. In some cases, these products present simplicial
models for loop spaces of homotopy push-out spaces. In Section 3, for k ≥ 3,
we construct simplicial groups T (Sk;α) such that there is a homotopy equivalence
|T (Sk;α)| ' ΩSk. There is a natural way to describe Moore boundaries of T (Sk;α)
and this description is a key point in the proof of Theorem 1.2 which we give in
Section 3. In Section 4, we consider triple free products with amalgamation of
simplicial braid groups and construct simplicial models for loop spaces for Moore
spaces. For k ≥ 3, we give a description of a finitely-generated group such that its
center is pin(M(Z/q, k)) (Theorem 4.4). Section 5 is about 3-dimensional Moore
spaces. In this case, the simplicial models for loop spaces of Moore spaces can be
simplified. We prove Theorem 1.3 in Section 5.
This article was finished during the visit of both authors to Dalian University of
Technology under the support of a grant (No.11028104) of NSFC of China in July
of 2011. The authors would like to thank the hospitality of Dalian University of
Technology for supporting our research on this topic.
2. Free Products with Amalgamation on Simplicial Groups
Let φ : G → G′ and ψ : G → G′′ be group monomorphisms. Then we have the
free product with amalgamation G′ ∗GG′′. More precisely G′ ∗GG′′ is the quotient
group of the free product G′ ∗G′′ by the normal closure of the elements φ(g)ψ(g)−1
for g ∈ G. The group G′ ∗G G′′ has the universal property that the following
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diagram
G ⊂
φ - G′
G′′
ψ
?
∩
- G′ ∗G G′′
?
is a pushout diagram in the category of groups. Let G′ = 〈X ′ | R′〉 and G′′ =
〈X ′′ | R′′〉 be presentations of the groups G′ and G′′, respectively. Let X be a set
of generators for the group G. Then the group G′ ∗G G′′ has a presentation
G′ ∗G G′′ = 〈X ′, X ′′ | R′, R′′, φ(x)ψ(x)−1 for x ∈ X〉.
In particular, if X ′, X ′′, R′, R′′ and X are finite sets, then G′ ∗G G′′ is a finitely
presented group with a presentation given as above. The notion of free product with
amalgamation can be canonically extended to the category of simplicial groups.
Recall that a simplicial group G consists in a sequence of groups G = {Gn}n≥0
with face homomorphisms di : Gn → Gn−1 and degeneracy homomorphisms si : Gn →
Gn+1 for 0 ≤ i ≤ n such that the following simplicial identities holds:
1) ∆-identity: didj = djdi+1 for i ≥ j,
2) Degeneracy Identity: sisj = sj+1si for i ≤ j,
3) Mixing Relation:
disj =
 sj−1di if i < j,id if i = j, j + 1,
sjdi−1 if i > j + 1.
A simplicial homomorphism f : G→ G′ consists in a sequence of group homomor-
phism f = {fn} with fn : Gn → G′n such that dG
′
i fn = fn−1d
G
i and s
G′
i fn = fn+1s
G
i
for 0 ≤ i ≤ n. A simplicial monomorphism f : G → G′ means a simplicial homo-
morphism f = {fn} such that each fn : Gn → G′n is a monomorphism. Similarly
we have the notion of simplicial epimorphism.
For a simplicial group G, recall that the Moore chain complex N∗G is defined by
NnG =
n⋂
j=1
Ker(di : Gn → Gn−1)
with the differential given by the restriction of the first face d0| : NnG → Nn−1G.
The Moore chain complex functor has the following important properties. For a
simplicial set X, let |X| denote its geometric realization.
Proposition 2.1. The following statements hold:
1) Let G be any simplicial group. Then there is a natural isomorphism
Hn(N∗G; d0|) ∼= pin(|G|)
for all n.
2) Let f : G → G′ be a simplicial homomorphism. Then f is a simplicial
monomorphism (epimorphism) if and only if
N(f) : NqG −→ NqG′
is a monomorphism (epimorphism) for all q.
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3) A sequence of simplicial groups
1→ G′ → G→ G′′ → 1
is short exact if and only if the corresponding sequence of Moore chain
complexes
1→ N∗G′ → N∗G→ N∗G′′ → 1
is short exact.
Proof. Assertion (1) is the classical theorem of John Moore, see the survey paper [7].
Assertion (2) is given in Quillen’s book [18, Lemma 5, 3.8].
(3). By [2, Proposition 4.1.4], the Moore chain functor is an exact functor. We
show that the inverse statement is also true. Namely if 1 → N∗G′ → N∗G →
N∗G′′ → 1 is short exact, then 1 → G′ → G → G′′ → 1 is short exact. By
assertion (2), G′ → G is a simplicial monomorphism and G → G′′ is a simplicial
epimorphism. From Conduche´’s decomposition theorem of simplicial groups [6],
the composite G′ → G → G′′ is trivial and so G′ is mapped into Ker(G → G′′).
Since N∗(G′) ∼= N∗Ker(G→ G′′) = Ker(N∗G→ N∗G′′), G′ → Ker(G→ G′′) is an
isomorphism by assertion (2) and the result follows. 
Let ZnG =
⋂n
j=0 Ker(di : Gn → Gn−1) ≤ NnG be the Moore cycles and let
BnG = d0(Nn+1G) ≤ ZnG be the Moore boundaries. By assertion (1), the homo-
topy group pin(|G|) is given by ZnG/BnG.
The construction of free product with amalgamation on simplicial groups is given
in the same way. Let φ : G → G′ and ψ : G → G′′ be simplicial monomorphisms.
Then G′ ∗G G′′ is a simplicial group with each (G′ ∗G G′′)n is the free product
with amalgamation of G′n ∗Gn G′′n for the group homomorphisms φn : Gn → G′n
and ψn : Gn → G′′n. The face homomorphisms are (uniquely) determined by the
pushout property:
Gn ⊂
φn - G′n
G′′n -
⊂
ψ
n
-
G′n ∗Gn G′′n
-
Gn−1
dGi
?
⊂φn−1 - G′n−1
di
G′i
?
G′′n−1
dG
′′
i
?
-
⊂
ψ
n−
1
-
G′n−1 ∗Gn−1 G′′n−1.
dG
′∗GG′′
i
?-
Similarly the degeneracy homomorphisms are (uniquely) determined by the pushout
property. The uniqueness of the induced face and degeneracy homomorphisms
forces the simplicial identities to hold for dG
′∗GG′′
i and s
G′∗GG′′
j and so G
′ ∗G G′′
becomes a simplicial group. If we write the elements w in (G′ ∗GG′′)n = G′n ∗GnG′′n
in terms of words as a product of elements from G′n or G
′′
n, then d
G′∗GG′′
i (w) is given
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by applying dG
′
i or d
G′′
i to the factors of w. Similarly we can compute degeneracy
homomorphism sG
′∗GG′′
i on (G
′ ∗G G′′)n in the same manner.
There is a classifying space functor from the category of simplicial groups to the
category of simplicial sets, denoted by W¯ , with the property that the geometric
realization of W¯ (G) is a classifying space of the geometric realization of the sim-
plicial group G. We refer to Curtis’ paper [7] for the detailed construction of the
functor W¯ .
An important property of free product with amalgamation on simplicial groups
is that the classifying space of G′ ∗G G′′ can be controlled. This property is a
simplicial consequence of the classical asphericity result of J. H. C. Whitehead [19,
Theorem 5] in 1939 and the formal statement of the following theorem was given
in Kan-Thurston’s paper [13, Proposition 4.3].
Theorem 2.2 (Whitehead Theorem). Let φ : G→ G′ and ψ : G→ G′′ be simplicial
monomorphisms. Then the classifying space W¯ (G′∗GG′′) is the homotopy push-out
of the diagram
W¯G
W¯φ - W¯G′
push
W¯G′′
W¯ψ
?
- W¯ (G′ ∗G G′′).
?

3. Description of Homotopy Groups of Spheres and Proof of
Theorem 1.2
In this section, we are going to construct a simplicial group model T (Sk) for ΩSk,
k ≥ 3, by using pure braid groups. From this, we are able to give a combinatorial
description of the homotopy group piq(S
k) for general q.
3.1. Milnor’s F [K]-construction on spheres. Let K be a simplicial set with a
fixed choice of base-point sn0x0 ∈ Kn. Milnor [17] constructed a simplicial group
F [K] where F [Kn] is the free group generated by Kn subject to the single relation
that sn0x0 = 1. The face and degeneracy homomorphisms on F [K] are induced
by the face and degeneracy functions on K. An important property of Milnor’s
construction is that the geometric realization |K| of F [K] is homotopy equivalent
to ΩΣ|K|. (Note. In Milnor’s paper [17], K is required to be a reduced simplicial
set. This result actually holds for any pointed simplicial set by a more general
result [21, Theorem 4.9].)
We are interested in specific simplicial group models for ΩSk+1 and so we start
by considering the simplicial k-sphere Sk. Recall that the simplicial k-simplex ∆[k]
can be defined explicitly as follows:
∆[k]n = {(i0, i1, . . . , in) | 0 ≤ i0 ≤ i1 ≤ · · · ≤ in ≤ k} with di : ∆[k]n →
∆[k]n−1 given by removing the (i+1)st coordinate and si : ∆[k]n → ∆[k]n+1
given by doubling the (i+ 1)st coordinate for 0 ≤ i ≤ n.
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Let σk = (0, 1, . . . , k) ∈ ∆[k]k and let ∂∆[k] be the simplicial subset of ∆[k] gen-
erated by the faces d0σk, . . . , dkσk. Namely ∂∆[k] is the smallest simplicial subset
of ∆[k] containing diσk for 0 ≤ i ≤ k. Let Sk = ∆[k]/∂∆[k]. Then the geometric
realization |Sk| is homeomorphic to the standard k-sphere Sk. As a simplicial set,
Skn = {∗} for n < k and
(3.1)
Skn = {∗, (i0, i1, . . . , in) | 0 ≤ i0 ≤ i1 ≤ · · · ≤ in ≤ k
with {0, 1, . . . , k} = {i0, i1, . . . , in}}
= {∗, sjn−ksjn−k−1 · · · sj1σk | 0 ≤ j1 < j2 < · · · < jn−k ≤ n− 1}
for n ≥ k. In the first description above, it is required that each 0 ≤ j ≤ k appears
at least once in the sequence (i0, . . . , in). In this description, we can describe the
faces and degeneracies by removing-doubling coordinates where we identify the
sequence (i0, . . . , in) to be the base-point of any one of 0 ≤ j ≤ k does not appear
in (i0, . . . , in). In the second description, we can use the simplicial identities to
describe the faces and degeneracies on Sk.
By applying Milnor’s construction to Sk, we obtain the simplicial group F [Sk] '
ΩSk+1 with F [Sk]n a free group of rank
(
n
k
)
. The generators for F [Sk]n are given
in formula (3.1) with ∗ = 1.
3.2. The Simplicial Group AP∗. There is a canonical simplicial group arising
from pure braid groups systematically investigated in [2]. We are only interested in
classical Artin pure braids and so we follow the discussion in [5]. Let APn = Pn+1
with the face homomorphism
di : APn = Pn+1 −→ APn−1 = Pn
given by removing the (i+ 1)st strand of (n+ 1)-strand pure braids and the degen-
eracy homomorphism
si : APn = Pn+1 −→ APn+1 = Pn+2
given by doubling the (i+ 1)st strand of (n+ 1)-strand pure braids for 0 ≤ i ≤ n.
Then AP∗ forms a simplicial group. Let Ai,j , 1 ≤ i < j ≤ n + 1, be the standard
generators for APn = Pn+1. Then the face operations in the simplicial group AP∗
are defined as follows:
(3.2) dt(Ai,j) =

Ai−1,j−1 if t+ 1 < i,
1 if t+ 1 = i,
Ai,j−1 if i < t+ 1 < j,
1 if t+ 1 = j,
Ai,j if t+ 1 > j.
and the degeneracy operations are defined as follows:
(3.3) st(Ai,j) =

Ai+1,j+1 if t+ 1 < i,
Ai,j+1 ·Ai+1,j+1 if t+ 1 = i,
Ai,j+1 if i < t+ 1 < j,
Ai,j ·Ai,j+1 if t+ 1 = j,
Ai,j if t+ 1 > j.
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Observe that AP1 = P2 ∼= Z is generated by A1,2 with d0A1,2 = d1A1,2 = 1.
The representing simplicial map
fA1,2 : S
1 −→ AP∗
with fσ1 = A1,2 extends uniquely to a simplicial homomorphism
Θ: F [S1] −→ AP∗.
The following embedding theorem plays an important role for our constructions of
simplicial group models for the loop spaces of spheres and Moore spaces.
Theorem 3.1. [5, Theorem 1.2] The simplicial homomorphism
Θ: F [S1] −→ AP∗
is a simplicial monomorphism. 
3.3. Simplicial Group Models for ΩSk with k ≥ 3. Assume that k ≥ 3. Let
α ∈ F [S1]k−2 such that
1) α 6= 1 and
2) djα = 1 for all 0 ≤ j ≤ k − 2, that is, α is a Moore cycle.
(Note. We do not assume that α induces a nontrivial element in pik−2(F [S1]) =
pik−1(S2). There are many choices for such an α. We will give a particular choice
of α with braided instructions later. For a moment α is given by any nontrivial
Moore cycle.) The representing simplicial map
fα : S
k−2 −→ F [S1]
extends uniquely to a simplicial homomorphism
f˜α : F [S
k−2] −→ F [S1]
by the universal property of Milnor’s construction.
Lemma 3.2. Let k ≥ 3 and let α 6= 1 ∈ F [S1]k−2 be a Moore cycle. Then the map
f˜α : F [S
k−2] −→ F [S1]
is a simplicial monomorphism.
Proof. Let G = f˜α(F [S
k−2]) be the image of f˜α. Then G is a simplicial subgroup
of F [S1]. Since F [S1]q is a free group, Gq is free group for each q. The statement
will follow if we can prove that the simplicial epimorphism
f˜α : F [S
k−2] −→ G
is a simplicial monomorphism. Observe that since each F [Sk−2]q is a free group
which is residually nilpotent, it suffices to show that the morphism of the associated
Lie algebras induced from the lower central series
L(f˜α) : L(F [S
k−1]) −→ L(G)
is a simplicial isomorphism. For each q, since both F [Sk−2]q and Gq are free
group, their associated Lie algebras are the free Lie algebras generated by their
abelianizations. Thus it suffices to show that
f˜abα : F [S
k−2]ab = K(Z, k − 2) −→ Gab
is a simplicial isomorphism.
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Note that the Moore chain complex of K(Z, k − 2) is given by
NqK(Z, k − 2) =
{
0 if q 6= k − 2,
Z if q = k − 2.
Since f˜abα : K(Z, k − 2)→ Gab is a simplicial epimorphism,
N(f˜abα ) : NqK(Z, k − 2) −→ NqGab
is an epimorphism for any q by Proposition 2.1. It follows that NqG
ab = 0 for
q 6= k − 2. For q = k − 2, we have Nk−2Gab = Gk−2 = 〈α〉 ∼= Z with
N(f˜abα ) : Nk−2K(Z, k − 2) ∼= Z −→ Nk−2Gab ∼= Z
an isomorphism from the definition of fα. Thus
N(f˜abα ) : NF [S
k−2]ab −→ NGab
is an isomorphism. By Proposition 2.1, f˜abα : F [S
k−2]ab = K(Z, k− 2) −→ Gab is a
simplicial isomorphism. This finishes the proof. 
Now, by Theorem 3.1 and Lemma 3.2, the composite
φα : F [S
k−2]
f˜α- F [S1]
Θ- AP∗
is a simplicial monomorphism. Define the simplicial group T (Sk;α) to be the free
product with amalgamation defined by the diagram
F [Sk−2]
φα - AP∗
AP∗
φα
?
- T (Sk;α) = AP∗ ∗F [Sk−2] AP∗.
?
Theorem 3.3. Let k ≥ 3 and let α 6= 1 ∈ F [S1]k−2 be a Moore cycle. Then
the geometric realization of the simplicial group T (Sk;α) is homotopy equivalent to
ΩSk.
Proof. By Theorems 2.2, the classifying space W¯T (Sk;α) is the homotopy push-out
of
W¯F [Sk−2] ' Sk−1 - W¯AP∗
W¯AP∗
?
- W¯T (Sk;α).
?
By [5, Theorem 1.1], AP∗ is a contractible simplicial group and so W¯AP∗ is con-
tractible. It follows that
W¯T (Sk;α) ' Sk
and hence the result. 
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3.4. Some Technical Lemmas. Recall [16, p. 288-289] that a bracket arrange-
ment of weight n in a group G is a map βn : Gn → G which is defined inductively
as follows:
β1 = idG, β
2(a1, a2) = [a1, a2]
for any a1, a2 ∈ G, where [a1, a2] = a−11 a−12 a1a2. Suppose that the bracket arrange-
ments of weight k are defined for 1 ≤ k < n with n ≥ 3. A map βn : Gn → G is
called a bracket arrangement of weight n if βn is the composite
Gn = Gk ×Gn−k β
k × βn−k- G×G β
2
- G
for some bracket arrangements βk and βn−k of weight k and n − k, respectively,
with 1 ≤ k < n. For instance, if n = 3, there are two bracket arrangements given
by [[a1, a2], a3] and [a1, [a2, a3]].
Let Rj be a sequence of subgroups of G for 1 ≤ j ≤ n. The fat commutator
subgroup [[R1, R2, . . . , Rn]] is defined to be the subgroup of G generated by all of
the commutators
βt(gi1 , . . . , git),
where
1) 1 ≤ is ≤ n;
2) {i1, . . . , it} = {1, . . . , n}, that is each integer in {1, 2, · · · , n} appears as at
least one of the integers is;
3) gj ∈ Rj ;
4) βt runs over all of the bracket arrangements of weight t (with t ≥ n).
For convenience, let [[R1]] = R1.
The symmetric commutator subgroup [R1, R2, . . . , Rn]S defined by
[R1, R2, . . . , Rn]S =
∏
σ∈Σn
[[Rσ(1), Rσ(2)], . . . , Rσ(n)],
where [[Rσ(1), Rσ(2)], . . . , Rσ(n)] is the subgroup generated by the left iterated com-
mutators
[[[g1, g2], g3], . . . , gn]
with gi ∈ Rσ(i). For convenience, let [R1]S = R1. From the definition, the sym-
metric commutator subgroup is a subgroup of the fat commutator subgroup. In
fact they are the same subgroup by the following theorem provided that each Rj is
normal.
Lemma 3.4. [15, Theorem 1.1] Let Rj be any normal subgroup of a group G with
1 ≤ j ≤ n. Then
[[R1, R2, . . . , Rn]] = [R1, R2, . . . , Rn]S .

One can determine the Moore chains and boundaries for the self free products
of AP∗ with a help of the Kurosh theorem on the structure of subgroups of free
products. However, in order to get this description, we will use another method.
We construct a simplicial free group G as follows: For each n ≥ 0, the group Gn is
the free group generated by xi,j for 1 ≤ i < j ≤ n + 1. The face and degeneracy
operations are given by formulae (3.2) and (3.3), where we replace Ai,j by xi,j .
It is straightforward to check that the simplicial identities hold. Thus we have a
simplicial group G.
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Now we are going to determine the Moore chains and Moore cycles of the free
products of G. Let J be an index set and let G∗J = ∗α∈JG(α), where each G(α)
is a copy of G indexed by an element α ∈ J . For each group (G(α)n = Gn, let
xi,j(α) denote the generator xi,j for 1 ≤ i < j ≤ n+ 1. From the definition, G∗Jn =
∗α∈JG(α)n is a free group with a basis given by {xi,j(α) | 1 ≤ i < j ≤ n+1, α ∈ J}.
A basic word in the group G∗Jn means one of the elements xi,j(α)±1 for some
α ∈ J and so 1 ≤ i < j ≤ n+ 1. Let
w = βt(xi1,j1(α1)
±1, xi2,j2(α2)
±1, . . . , xit,jt(αt)
±1)
be a t-fold iterated commutator on basic words, where the bracket βt( · · · ) is any
bracket arrangement. Define
Index(w) = {i1, j1, i2, j2, . . . , it, jt} ⊆ {1, 2, . . . , n+ 1}.
(Note. In our definition, Index(w) is only well-defined for commutators with entries
from basic words.)
For each pair 1 ≤ i < j ≤ n+ 1, let
RJi,j = 〈xi,j(α) | α ∈ J〉G
∗J
be the normal closure of the elements xi,j(α), α ∈ J , in the group G∗J . For a subset
T ⊆ {1, 2, . . . , n+ 1}, define
R[T ] =
∏
T⊆{i1,j1,i2,j2,...,it,jt}
[[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ]
be the product of the iterated commutator subgroup of Ri,j ’s such that each number
in T occurs at least once in the indices of Ri,j ’s. (Here if t = 1, then we let commuta-
tor subgroup [Ri1,j1 ] = Ri1,j1 by convention.) In the case that T = {1, 2, . . . , n+1},
we denote
[Ri,j | 1 ≤ i < j ≤ n+ 1]S
by R[1, 2, . . . , n+ 1].
Lemma 3.5. Let G∗J be the self free product of G over a set J . Then
1) The Moore chains NnG∗J = R[2, 3, . . . , n+ 1].
2) The Moore cycles ZnG∗J = R[1, 2, 3, . . . , n+1] = [Ri,j | 1 ≤ i < j ≤ n+1]S.
3) The Moore boundaries BnG∗J = ZnG∗J = R[1, 2, 3, . . . , n+ 1] = [Ri,j | 1 ≤
i < j ≤ n+ 1]S.
Proof. For assertions (1) and (2), the direction
R[2, 3, . . . , n+ 1] ≤ NnG∗J and R[1, 2, 3, . . . , n+ 1] ≤ ZnG∗J
can be easily checked as follows. From equation (3.2), we have dkxi,j(α) = 1 for
α ∈ J if k + 1 = i or j. Thus
Ri,j ≤ Ker(dk : G∗Jn → G∗Jn−1)
if k + 1 = i or j. Thus
[[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ] ≤ NnG∗J =
n⋂
k=1
Ker(dk : G∗Jn → G∗Jn−1)
if {2, 3, . . . , n+ 1} ⊆ {i1, j1, i2, j2, . . . , it, jt} since each dk, 1 ≤ k ≤ n, sends one of
entries Ris,js in this (iterated) commutator subgroup to the trivial group. It follows
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that R[2, 3, . . . , n+ 1] ≤ NnG∗J . Similarly R[1, 2, . . . , n+ 1] ≤ Zn+1G∗J . Thus the
main point is to prove that
(3.4) NnG∗J ≤ R[2, 3, . . . , n+ 1] and ZnG∗J ≤ R[1, 2, . . . , n+ 1].
If n = 1, then R[2] = R[1, 2] = G∗J1 because G∗J1 is generated by x1,2(α) for α ∈ J .
In this case, the identity that N1G∗J = Z1G∗J = R[2] = R[1, 2] = G∗J1 . Thus we
may assume that n ≥ 2.
We first consider the last face operation
dn : G∗Jn −→ G∗Jn−1.
Let Kn = Ker(dn : G∗Jn → G∗Jn−1). From equation (3.2),
dn(xi,j(α)) =
{
1 if 1 ≤ i < j = n+ 1,
xi,j(α) if 1 ≤ i < j ≤ n.
Observe that the basis of G∗Jn is given by the disjoint union of the basis of G∗Jn−1
with the set {xi,n+1(α) | 1 ≤ i < n+1, α ∈ J}. By [22, Proposition 3.3], a basis for
the free group Kn is given by the subset Xn of G∗Jn consisting of all of the following
iterated commutators on basic words
(3.5) w = [[[xi,n(α0), x
1
i1,j1
(α1)], x
2
i2,j2
(α2)], . . . , x
t
it,jt
(αt)],
where
1) t ≥ 0 (Here if t = 0, then w = [xi,n(α0)] = xi,n(α0).)
2) s = ±1 for 1 ≤ s ≤ t,
3) 1 ≤ is < js ≤ n for 1 ≤ s ≤ t,
4) αs ∈ J for 0 ≤ s ≤ t and
5) the word x1i1,j1(α1)x
2
i2,j2
(α2) · · ·xtit,jt(αt) is an irreducible word in the group
G∗Jn−1 ≤ G∗Jn .
Next we consider the face operation dk restricted to Kn for 0 ≤ k < n. From the
∆-identity dkdn = dn−1dk for 1 ≤ k ≤ n− 1, we have the commutative diagram of
short exact sequence of groups
(3.6)
Kn = F (Xn) ⊂ - G∗Jn
dn-- G∗Jn−1
Kn−1 = F (Xn−1)
dk|Kn
?
⊂ - G∗Jn−1
dk
?
dn−1-- G∗Jn−2
dk
?
for 1 ≤ k ≤ n − 1. Consider dkw for w ∈ Xn. From equation (3.2), dkxi,n(α) is
given by the following table
dk
 x1,n(α) · · · xk−1,n(α) xk,n(α) xk+1,n(α) · · · xn−1,n(α)↓ ↓ ↓ ↓ ↓
x1,n−1(α) · · · xk−1,n(α) 1 xk,n−1(α) · · · xn−2,n−1(α)
 .
We now start to prove statement (3.4). Let
Xn(k) = {w ∈ Xn | k + 1 ∈ Index(w)}
for 0 ≤ k ≤ n− 1. If w ∈ Xn(k), then dkw = 1 as dk sends one of the entries in the
commutator w to 1. Let w ∈ Xn rXn(k) be written as in (3.5). Then i 6= k + 1
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and k + 1 6∈ {i1, j1, . . . , it, jt}. From the above table, dkxi,n(α0) = xi,n−1(α0) for
i < k + 1 and xi−1,n−1(α0) for i > k + 1. For other entries xsis,js(αs), we have
dk(x
s
is,js
(αs)) =

xsis−1,js−1(αs) if k + 1 < is,
xsis,js−1(αs) if is < k + 1 < js,
xsis,js(αs) if k + 1 > js.
Observe that
dk : {xi,j(α) | α ∈ J, 1 ≤ i < j ≤ n and k+1 6= i, j} −→ {xi,j(α) |α ∈ J, 1 ≤ i < j ≤ n−1}
is a bijection. The restriction of dk in the subgroup
dk| : F (xi,j(α) | α ∈ J, 1 ≤ i < j ≤ n and k + 1 6= i, j) −→ G∗Jn−2
is an isomorphism. Since the word
x1i1,j1(α1)x
2
i2,j2
(α2) · · ·xtit,jt(αt) ∈ F (xi,j(α) | α ∈ J, 1 ≤ i < j ≤ n and k+1 6= i, j)
is irreducible, the word
dk(x
1
i1,j1
(α1)x
2
i2,j2
(α2) · · ·xtit,jt(αt)) = (dkxi1,j1)1(α1)(dkxi2,j2)2(α2) · · · (dkxit,jt)t(αt)
is irreducible in G∗Jn−2 ≤ G∗Jn−1. It follows that dkw ∈ Xn−1 for each w ∈ XnrXn(k)
and the function
dk : Xn rXn(k) −→ Xn−1
is a bijection. This allows us to apply the algorithm in [22, Section 3] to
dk| : Kn = F (Xn) −→ Kn−1 = F (Xn−1)
for 0 ≤ k ≤ n− 1 in diagram (3.6) and so, by [22, Theorem 3.4], the Moore chains
NnG∗J =
n−1⋂
k=1
Ker(dk| : Kn → Kn−1)
are generated by certain iterated commutators
(3.7) w = βt(xi1,j1(α1)
±1, xi2,j2(α2)
±1, . . . , xit,jt(αt)
±1)
with {2, 3, . . . , n+ 1} ∈ Index(w) and the Moore cycles
ZnG∗J =
n−1⋂
k=0
Ker(dk| : Kn → Kn−1)
is generated by certain iterated commutators
(3.8) w = βt(xi1,j1(α1)
±1, xi2,j2(α2)
±1, . . . , xit,jt(αt)
±1)
with {1, 2, . . . , n + 1} ∈ Index(w). (Note. The commutator w in (3.7) or (3.8)
may not be in the standard form from left to right.) Since each entry xis,js(αs)
±1
belongs to Ris,js , the commutator w in (3.7) or (3.8) lies in the fat commutator
subgroup [[Ri1,j1 , Ri2,j2 , . . . , Rit,jt ]] and so, by Lemma 3.4,
w ∈
∏
σ∈Σt
[[Riσ(1),jσ(1) , Riσ(2),jσ(2) ], . . . , Riσ(t),jσ(t) ] ≤ R[s, s+ 1, . . . , n+ 1],
where s = 2 in the case of (3.7) and s = 1 in the case of (3.8). This finishes the
proof of statement (3.4) and hence assertion (1) and (2).
16 ROMAN MIKHAILOV AND JIE WU†
(3). By assertion (2),
ZnG∗J =
∏
{1,2,...,n+1}⊆{i1,j1,i2,j2,...,it,jt}
[[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ].
From equation 3.2, we have d0xi+1,j+1(α) = xi,j(α) for 1 ≤ i < j ≤ n + 1 and
α ∈ J . Thus
d0(Ri+1,j+1) = Ri,j
for 1 ≤ i < j ≤ n + 1. Given a factor [[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ] in ZnG∗J with
{1, 2, . . . , n+ 1} ⊆ {i1, j1, i2, j2, . . . , it, jt}, we have
d0([[Ri1+1,j1+1, Ri2+1,j2+1], . . . , Rit+1,jt+1]) = [[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ].
Since {2, 3, . . . , n+2} ⊆ {i1 +1, j1 +1, i2 +1, j2 +1, . . . , it+1, jt+1}, the subgroup∏
{1,2,...,n+1}⊆{i1,j1,i2,j2,...,it,jt}
[[Ri1+1,j1+1, Ri2+1,j2+1], . . . , Rit+1,jt+1] ≤ Nn+1G∗J
with
d0
 ∏
{1,2,...,n+1}⊆{i1,j1,i2,j2,...,it,jt}
[[Ri1+1,j1+1, Ri2+1,j2+1], . . . , Rit+1,jt+1]
 = ZnG∗J .
It follows that ZnG∗J ≤ BnG∗J . Assertion (3) follows and this finishes the proof. 
The following lemma states that R[1, 2, . . . , n + 1] can be given by the product
of a finite collection of commutator subgroups.
Lemma 3.6. The subgroup R[1, 2, . . . , n+ 1] of G∗Jn is the product of the following
commutator subgroups
[[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ],
where
1) {i1, j1, i2, j2, . . . , it, jt} = {1, 2, . . . , n+ 1} and
2) {i1, j1, i2, j2, . . . , it, jt}r {ip, jp} 6= {1, 2, . . . , n+ 1} for any 1 ≤ p ≤ t.
Proof. Let H be the product of the commutator subgroups given in the statement.
Clearly H ≤ R[1, 2, . . . , n+ 1]. Now consider the factor
[[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ]
with {1, 2, . . . , n+ 1} = {i1, j1, i2, j2, . . . , it, jt} in R[1, 2, . . . , n+ 1]. If there exists
1 ≤ p ≤ t such that
{i1, j1, i2, j2, . . . , it, jt}r {ip, jp} = {1, 2, . . . , n+ 1},
since [[Ri1,j1 , Ri2,j2 ], . . . , Rip−1,jp−1 ] is normal, we have
[[[Ri1,j1 , Ri2,j2 ], . . . , Rip−1,jp−1 ], Rip,jp ] ≤ [[Ri1,j1 , Ri2,j2 ], . . . , Rip−1,jp−1 ].
(If p = 1, then we use [Ri1,j1 , Ri2,j2 ] ≤ Ri2,j2 .) It follows that
[[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ] ≤ [[Ri1,j1 , Ri2,j2 ], . . . , Rˆip,jp , . . . , Rit,jt ]
with {i1, j1, i2, j2, . . . , it, jt}r{ip, jp} = {1, 2, . . . , n+1}. By repeating this process
by removing surplus entries, we have
[[Ri1,j1 , Ri2,j2 ], . . . , Rit,jt ] ≤ H
and hence the result. 
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The following simple result is well-known and follows from the structure of nor-
mal forms of free products with amalgamation (for the proof see, for example,
[10]):
Lemma 3.7. Let G = G1 ∗A G2 be a free product with amalgamation such that
G1 6= A and G2 6= A. Then Z(G) ≤ Z(A).
3.5. Proof of Theorem 1.2. We use our simplicial group model T (Sk, α) for
ΩSk. Consider the construction of the subgroup Qn,k of Pn. By the definition
of the simplicial group AP∗, the iterated degeneracy operations on AP1 = P2 are
given by the cabling and so the elements x1, . . . , xk−2 in Step 1 are the canonical
basis for the subgroup
Θ(F [S1]k−2) ≤ APk−2 = Pk−1.
Since dixi = dixi+1 for 1 ≤ i ≤ k − 3 and d0x1 = dk−2xk−2 = 1, we have diαk = 1
for 0 ≤ i ≤ k−2. It follows that αk is a Moore cycle in F [S1]k−2 with αk 6= 1. The
elements yj , 1 ≤ j ≤
(
n−1
k−2
)
, are standard basis for the subgroup
φαk(F [S
k−2]n−1) ≤ APn−1 = Pn
since they are obtained by cabling on αk. It follows that
Pn ∗Qn,k Pn =
(
AP∗ ∗F [Sk−2] AP∗
)
n−1 = T (Sk;αk)n−1.
Theorem 1.2 is a special case of the following slightly more general statement.
Theorem 3.8. Let k ≥ 3 and let α 6= 1 ∈ F [S1]k−2 be a Moore cycle. Then the
simplicial group T (Sk;α) ' ΩSk has the following properties:
1) In the group T (Sk;α)n−1 = Pn ∗F [Sk−2]n−1 Pn, the Moore boundaries
Bn−1T (Sk;α) = [Ri,j | 1 ≤ i < j ≤ n]S .
2) The homotopy group pin(S
k) ∼= pin−1(ΩSk) ∼= pin−1(T (Sk;α)) is isomor-
phic to the center of the group
T (Sk;α)n−1/Bn−1T (Sk;α) = (Pn ∗F [Sk−2]n−1 Pn)/[Ri,j | 1 ≤ i < j ≤ n]S .
for any n if k > 3 and any n 6= 3 if k = 3.
Proof. (1). By definition, the simplicial group T (Sk;α) is given by the free product
with amalgamation AP∗ ∗F [Sk−2] AP∗. Thus T (Sk;α) is a simplicial quotient group
of the free product AP∗∗AP∗. Let G be the simplicial group given in Subsection 3.4.
Then AP∗ is a simplicial quotient group of G. It follows that there is a simplicial
epimorphism
g : G ∗ G -- T (Sk;α).
By Proposition 2.1,
N(g) = g| : Nn(G ∗ G) −→ Nn(T (Sk;α)
is an epimorphism and so
Bn−1(T (Sk;α)) = d0(Nn(T (Sk;α)))
= d0(g(Nn(G ∗ G)))
= g(d0(Nn(G ∗ G)))
= g(Bn−1(G ∗ G)).
Assertion (1) follows from Lemma 3.5.
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(2). Case I. k > 3. Since T (Sk;α)q = Pq+1 ∗F [Sk−2]q Pq+1 is a free product
with amalgamation, the center Z(T (Sk;α)q) ≤ Z(F [Sk−2]q) = {1} for q ≥ k − 1
by Lemma 3.7. For q = k − 2, then Z(T (Sk;α)k−2) ≤ F [Sk−2]k−2 = 〈α〉 = Z
by Lemma 3.7. Since α is Moore cycle, α is a Brunnian braid in Pk−1. Recall
that the center of Pk−1 is given by the full-twist braid ∆2 [4] with the property
that, by removing any one of the strands of ∆2, it becomes a generator for the
center of Pk−1 and di∆2 6= 1 for k > 3. Since α is Brunnian braid, any power
αm 6∈ Z(Pk−1) for m 6= 0. It follows that αm 6∈ Z(Pk−1 ∗F [Sk−2]k−2 Pk−1) for
m 6= 0. Thus Z(T (Sk;α)k−2) = {1}. For q < k − 2, T (Sk, α)q is a free product
and so Z(T (Sk, α)q) = {1}, where for the low cases, T (Sk;α)1 = P2 ∗ P2 is a free
group of rank 2 and T (Sk;α)0 = {1}. Thus the center Z(T (Sk;α)q = {1} for all
q ≥ 0. It follows from [22, Proposition 2.14] that
piq(T (Sk;α)) ∼= Z(T (Sk;α)q/Bq(T (Sk;α))
for q ≥ 1. This isomorphism also holds for q = 0 because T (Sk;α)0 = {1}.
Case II. k = 3. By the same arguments as above, we have Z(T (S3;α)q) = {1}
for q ≥ 2. By [22, Proposition 2.14], we have
(3.9) piq(T (S3;α)) ∼= Z(T (S3;α)q/Bq(T (S3;α))
for q ≥ 3. We only need to check that this isomorphism also holds for the cases
q = 0, 1. (The case that q = 2 is the exceptional case, which is excluded in the
statement.) When q = 0, both sides are trivial groups. Consider the case q = 1.
Note that AP1 = P2 ∼= Z generated by A12. Since α is not trivial, it is given by a
nontrivial power of A12. Let α = A
m
12 for some m 6= 0. Then T (S3;α)1 is given by
the pushout diagram
P2 = Z
m- P2 = Z
P2 = Z
m
?
- T (S3;α)1.
?
Since R1,2 = 〈A1,2, A′1,2〉T (S
3;α)1 = T (S3, α)1 because T (S3;α)1 is generated by
A1,2 and A
′
1,2, we have
B1(T (S3;α)) = T (S3;α)1
and so
Z(T (S3;α)1/B1(T (S3;α)) = T (S3;α)1/B1(T (S3;α) = {1}.
On the other hand,
pi1(T (S3;α)) = pi1(ΩS3) = pi2(S3) = {1}.
Thus isomorphism (3.9) holds for q = 1. This finishes the proof. 
Example 3.9. In this example, we discuss the exceptional case by determining the
center of the group:
G = (P3 ∗F [S1]2 P3)/[Ri,j | 1 ≤ i < j ≤ 3]S ,
where α = Am1,2 with some m 6= 0. By definition, the subgroup F [S1]2 ≤ P3 is
generated by x1 = s1α3 = (A1,3A2,3)
m and x2 = s0α3 = (A1,2A1,3)
m. Thus the
A COMBINATORIAL DESCRIPTION OF HOMOTOPY GROUPS OF SPHERES∗ 19
free product with amalgamation P3 ∗F [S1]2 P3 is given as the quotient group of
P3 ∗ P3 by the new relations:
(3.10) (A1,3A2,3)
m = (A′1,3A
′
2,3)
m and (A1,2A1,3)
m = (A′1,2A
′
1,3)
m.
Consider the subgroup [Ri,j | 1 ≤ i < j ≤ 3]S of P3 ∗F [S1]2 P3. Observe that
[A1,2, A1,3], [A1,2, A2,3], [A1,3, A2,3] ∈ [Ri,j | 1 ≤ i < j ≤ 3]S ,
the subgroup 〈A1,2, A1,3, A2,3〉 is abelian inG. Similarly the subgroup 〈A′1,2, A′1,3, A′2,3〉
is abelian in G. Thus (A′1,2A
′
1,3)
m = (A′1,2)
m(A′1,3)
m in G and from equation (3.10)
(A′1,2)
m = (A1,2)
m(A1,3)
m(A′1,3)
−m.
It follows that A′1,2 commutes with A1,2 since A1,2 commutes with (A1,2)
m, (A1,3)
m
and (A′1,3)
m. From this, we conclude that (A′1,2)
m ∈ Z(G) because A′1,2 commutes
with all of the generators forG. Similarly (A1,2)
m, (A1,3)
m, (A2,3)
m, (A′1,3)
m, (A′2,3)
m ∈
Z(G). Thus the subgroup
(3.11) H = 〈((A1,2)m, (A1,3)m, (A2,3)m, (A′1,2)m, (A′1,3)m, (A′2,3)m〉 ≤ Z(G).
Let
G′ = (Z(A1,2)/m∗Z(A′1,2)/m)×(Z(A1,3)/m∗Z(A′1,3)/m)×(Z(A2,3)/m∗Z(A′2,3)/m)
and let φ : P3∗P3 → G′ be the canonical quotient homomorphism defined by sending
generators to generators. Then
φ(x1) = φ(x2) = 1.
Moreover φ([Ri,j | 1 ≤ i < j ≤ 3]S) = 1 with φ(H) = 1 and so φ induces an
epimorphism φ¯ in the following diagram:
P3 ∗ P3 φ-- G′ = (Z/m ∗ Z/m)× (Z/m ∗ Z/m)× (Z/m ∗ Z/m)
G/H.
q
??
φ¯
--
On the other hand, the group homomorphism
Z(A1,2) ∗ Z(A′1,2) −→ G/H
factors through the quotient Z(A1,2)/m ∗Z(A′1,2)/m. Similarly there are canonical
group homomorphisms from Z(A1,3)/m∗Z(A′1,3)/m and Z(A1,2)/m∗Z(A′1,2)/m to
G/H. Since the subgroup 〈A1,2, A′1,2〉, 〈A1,3, A′1,3〉 and 〈A2,3, A′2,3〉 commute with
each other in the group G, there is a group epimorphism
ψ : G′ → G/H
such that φ¯ ◦ ψ = idG′ since all of generators of G/H lie in the image of ψ. It
follows that
G/H ∼= G′ = (Z/m ∗ Z/m)× (Z/m ∗ Z/m)× (Z/m ∗ Z/m).
Since Z(G′) = {1}, Z(G/H) = {1} and so
Z(G) ≤ H.
Together with equation (3.11), we have Z(G) = H ∼= Z⊕4. 
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4. Description of Homotopy Groups of the Moore Spaces M(Z/q, k)
with k ≥ 3
In this section, we give an explicit combinatorial description of the homotopy
groups of the Moore spaces M(Z/q, k) with k ≥ 3. This description highlights our
methodology for giving combinatorial descriptions of homotopy groups using free
products of braid groups.
4.1. An Embedding of F [Sk−1] into T (Sk;α) for Moore Boundaries α. Let
α˜ ∈ Nk−1F [S1] with d0α˜ 6= 1. We are going to construct a simplicial monomor-
phism F [Sk−1]→ T (Sk; d0α˜), which is also a homotopy equivalence.
Let
fα˜ : ∆[k − 1] −→ F [S1]
be the representing map of the element α˜ with fα˜(σk) = α˜, where σk = (0, 1, . . . , k−
1) ∈ ∆[k−1]. Let Λ0[k−1] be the simplicial subset of ∆[k−1] generated by djσk−1
for j > 0 and let
∆¯[k − 1] = ∆[k − 1]/Λ0[k − 1].
Since djα˜ = 1 for j > 0, the simplicial map fα˜ factors through the simplicial
quotient ∆¯[k − 1]. Let
(4.1) f¯α˜ : ∆¯[k − 1] −→ F [S1]
be the resulting simplicial map with f¯α˜(σk−1) = α˜. By the universal property of
Milnor’s construction, there exists a unique simplicial homomorphism
(4.2) θα˜ : F [∆¯[k − 1]] −→ F [S1]
such that θα˜|∆¯[k−1] = f¯α˜.
Lemma 4.1. The simplicial group F [∆¯[k − 1]] is contractible and the map
θα˜ : F [∆¯[k − 1]] −→ F [S1]
is a simplicial monomorphism.
Proof. Recall [7] that the geometric realization |∆[k − 1]| is the standard (k − 1)-
simplex ∆k−1 and |Λ0[k]| is the union of all faces of ∆k−1 except the first face. Thus
both |∆[k−1]| and |Λ0[k]| are contractible and so is |∆¯[k−1]| = |∆[k−1]/Λ0[k−1]|.
It follows that
|F [∆¯[k − 1]]| ' ΩΣ|∆¯[k − 1]|
is contractible.
The proof of the statement regarding θα˜ is similar to that of Lemma 3.2. The
image θα˜(F [∆¯[k − 1]]) is a simplicial free group because it is a simplicial subgroup
of the simplicial free group F [S1]. Following the lines in the proof of Lemma 3.2,
for checking that θα˜ : F [∆¯[k− 1]]→ θα˜(F [∆¯[k− 1]]) is a simplicial monomorphism,
it suffices to show that
Nθabα˜ : N∗F [∆¯[k − 1]]ab −→ N∗θα˜(F [∆¯[k − 1]])
is an isomorphism. This follows directly from the computations that
NqF [∆¯[k − 1]]ab =
 Z(σk−1) for q = k − 1,Z(d0σk−1) for q = k − 2,
0 otherwise,
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Nqθα˜(F [∆¯[k − 1]])ab =
 Z(α˜) for q = k − 1,Z(d0α˜ = α) for q = k − 2,
0 otherwise
and θα˜(σk−1) = α˜. 
Now from the above Lemma, the simplicial monomorphism
φα : F [S
k−2] −→ AP∗
is given by the composite
F [Sk−2] ⊂
ι- F [∆¯[k − 1]] ⊂θα˜- F [S1] ⊂ Θ- AP∗.
It follows that Θ ◦ θα˜ : F [∆¯[k − 1]]→ AP∗ induces a simplicial monomorphism
(4.3) F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]] ⊂ - AP∗ ∗F [Sk−2] AP∗,
which is a homotopy equivalence by Theorem 2.2. Let σ′k−1 denote the element
σk−1 in second copy of F [∆¯[k−1]] in the free product with amalgamation F [∆¯[k−
1]] ∗F [Sk−2] F [∆¯[k − 1]]. Let
zk−1 = σk−1(σ′k−1)
−1 ∈ (F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]])k−1 .
Then zk−1 is a Moore cycle because
djzk−1 = djσk−1(djσ′k−1)
−1 = 1
for j > 0 in F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]] and
d0zk−1 = d0σk−1(d0σ′k−1)
−1 = 1
since d0σk−1 = d0σ′k−1 lies in the amalgamated subgroup F [S
k−2]. Let fzk−1 : S
k−1 →
F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]] be the representing map of zk−1 and let
f˜zk−1 : F [S
k−1] −→ F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]]
be the simplicial homomorphism induced by fzk−1 .
Lemma 4.2. Let f˜zk−1 be defined as above. Then
1) f˜zk−1 is a simplicial monomorphism.
2) f˜zk−1 is a homotopy equivalence.
Proof. (1). Observe that
F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]] = F [∆¯[k − 1] ∪ ∆¯[k − 1]]
is a simplicial free group, where ∆¯[k − 1] ∪ ∆¯[k − 1] is the simplicial union by
identification d0σk−1 with d0σ′k−1. Assertion (1) follows from the lines of the proof
of Lemma 3.2.
(2). Since
f˜zk−1 : F [S
k−1] ' ΩSk −→ F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]] ' ΩSk
is a simplicial homomorphism, it is a loop map. Thus it suffices to show that f˜zk−1
induces an isomorphism
f˜zk−1∗ : pik−1(F [S
k−1]) ∼= Z - pik−1(F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]]) ∼= Z.
Note that
pik−1(F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]]) ∼= pik−1(F [∆¯[k − 1] ∪ ∆¯[k − 1]]ab).
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Now the Moore chain complex of F [∆¯[k − 1] ∪ ∆¯[k − 1]]ab is given by
NqF [∆¯[k − 1] ∪ ∆¯[k − 1]]ab =

Z(σk−1)⊕ Z(σ′k−1) for q = k − 1,
Z(d0σk−1 = d0σ′k−1) for q = k − 2,
0 otherwise.
Thus pik−1(F [∆¯[k−1]∪∆¯[k−1]]ab) is generated by σk−1−σ′k−1, which is the image
of zk−1 in the abelianization F [∆¯[k − 1] ∪ ∆¯[k − 1]]ab. It follows that
f˜zk−1∗ : pik−1(F [S
k−1]) - pik−1(F [∆¯[k − 1]] ∗F [Sk−2] F [∆¯[k − 1]]).
is an isomorphism and hence the result. 
4.2. Description for pi∗(M(Z/q, k)) with k ≥ 3. With the preparation in the
previous subsection, we can now construct a simplicial group model for ΩM(Z/q, k)
with k ≥ 3. Let α ∈ Zk−1F [S1] be a Moore cycle with α 6= 1 and let α˜ ∈
Nk−1F [S1] be a Moore chain such that d0α˜ 6= 1. From Lemma 4.2 together with
isomorphism (4.3), there is a simplicial monomorphism
δα˜ : F [S
k−1] −→ T (Sk; d0α˜),
which is a homotopy equivalence. Let
F [q] : F [Sk−1] −→ F [Sk−1]
be the simplicial homomorphism such that
F [q](x) = xq
for x ∈ Sk−1 ⊆ F [Sk−1]. Clearly F [q] is a simplicial monomorphism. Now define
the simplicial group T (M(Z/q, k);α) to be the free product with amalgamation
F [Sk−1] ⊂
δα ◦ F [q] - T (Sk; d0α˜)
AP∗
φα
?
∩
- T (M(Z/q, k); α˜, α) = T (Sk; d0α˜) ∗F [Sk−1] AP∗.
?
The construction of δα˜ ◦ F [q] is explicitly given as follows:
Regard α˜ as in k-strand braid through the embedding Θ: F [S1] → AP∗.
Let α˜′ be a copy of α˜ for the second copy of AP∗ in the free product with
amalgamation
T (Sk; d0α˜) = AP∗ ∗F [Sk−2] AP∗.
Let σk−1 be the non-degenerate element in Sk−1k−1 . Then
δα˜ ◦ F [q] : F [Sk−1]→ T (Sk; d0α˜)
is the unique simplicial homomorphism such that δ(σk−1) = (α˜(α˜′)−1)q. In
the language of braids, δα˜ ◦F [q](F [Sk−1]) is the subgroup of T (Sk; d0α˜) =
AP∗ ∗F [Sk−2] AP∗ generated by the cablings of (α˜(α˜′)−1)q in the self free
product with amalgamation of braid groups.
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One interesting point in the simplicial group
T (M(Z/q, k); α˜, α) = (AP∗ ∗F [Sk−2] AP∗) ∗F [Sk−1] AP∗
is that we identify the q-th power (α˜(α˜′)−1)q ∈ AP∗ ∗F [Sk−2] AP∗ with α ∈ AP∗.
So the cablings of α have q-th roots in T (M(Z/q, k); α˜, α).
Theorem 4.3. Let α ∈ Zk−1F [S1] be a Moore cycle with α 6= 1 and let α˜ ∈
Nk−1F [S1] be a Moore chain such that d0α˜ 6= 1. Then the simplicial group T (M(Z/q, k); α˜, α)
is homotopy equivalent to the loop space ΩM(Z/q, k) of the Moore space. Moreover
the canonical inclusion
T (Sk; d0α˜) ⊂ - T (M(Z/q, k); α˜, α)
is homotopic to the looping of the inclusion Sk ↪→M(Z/q, k).
Proof. By Theorem 2.2, the classifying space W¯ (T (M(Z/q, k); α˜, α)) is given by
the homotopy push-out
Sk
W¯ (δα˜ ◦ F [q]) - Sk ' W¯ (Sk; d0α˜)
∗? - W¯ (T (M(Z/q, k); α˜, α)).
?
Since
W¯ (δα˜ ◦ F [q]∗) : pik(Sk) ∼= pik−1(F [Sk−1]) −→ pik(Sk) ∼= pik−1(T (Sk; d0α˜))
is of degree q, W¯ (T (M(Z/q, k); α˜, α)) 'M(Z/q, k). Observe that the right column
of above diagram is homotopic to the inclusion of the bottom cell Sk ↪→M(Z/q, k).
The assertions follow. 
Let Ai,j , A
′
i,j and A
′′
i,j be copies of Ai,j for generators for Pn in the free product
with amalgamation
T (M(Z/q, k); α˜, α)n−1 = (Pn ∗F [Sk−2]n−1 Pn) ∗F [Sk−1]n−1 Pn
and let Ri,j be the normal closure of Ai,j , A
′
i,j and A
′′
i,j in T (M(Z/q, k); α˜, α)n−1.
Theorem 4.4. Let k ≥ 3. Let α ∈ Zk−1F [S1] be a Moore cycle with α 6= 1 and
let α˜ ∈ Nk−1F [S1] be a Moore chain such that d0α˜ 6= 1. Then pin(M(Z/q, k)) is
isomorphic to the center of the group
((Pn ∗F [Sk−2]n−1 Pn) ∗F [Sk−1]n−1 Pn)/[Ri,j | 1 ≤ i < j ≤ n]S
for any n.
Proof. Since T (M(Z/q, k); α˜, α) is a simplicial quotient group of G∗G∗G, the Moore
boundaries
Bn−1T (M(Z/q, k); α˜, α) = [Ri,j | 1 ≤ i < j ≤ n]S
by Lemma 3.5. Observe that the group (Pm ∗F [Sk−2]m−1 Pn) ∗F [Sk−1]m−1 Pm has
trivial center by Lemma 3.7. The assertion follows from [22, Proposition 2.14]. 
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Remark 4.5. An explicit choice of α and α˜ can be given. For instance, we can
choose
αk+1 = [[[x
−1
1 , x1x
−1
2 ], x2x
−1
3 ], . . . , xk−2x
−1
k−1, xk−1]
in Theorem 1.2 as a k-strand Brunnian braid and choose
α˜k = [[x1x
−1
2 , x2x
−1
3 ], . . . , xk−2x
−1
k−1, xk−1]
as a k-strand quasi-Brunnian braid in the sense of [5]. Then we obtain an explicit
simplicial group model T (M(Z/q, k); α˜k, αk+1) for ΩM(Z/q, k). 
5. Description of the homotopy groups of Moore Spaces M(Z/q, 2)
and Proof of Theorem 1.3
Let T (M(Z/q, 2)) be the free product with amalgamation by the following dia-
gram
F [S1] ⊂
F [q] - F [S1]
AP∗
Θ
?
∩
- T (M(Z/q, 2)) = AP∗ ∗F [S1] F [S1].
?
By Theorem 2.2, there is a homotopy push-out
S2 ' W¯F [S1] ⊂F¯ [q] ' [q]- S2 ' W¯F [S1]
W¯AP∗ ' ∗
Θ
?
∩
- W¯T (M(Z/q, 2))
?
and so W¯T (M(Z/q, 2) ' M(Z/q, 2). Namely T (M(Z/q, 2)) is a simplicial group
model for ΩM(Z/q, 2).
For each n, the homomorphism
F [q] : F [S1]n−1 = Fn−1 −→ F [S1]n−1 = Fn−1
is the homomorphism φq described in Theorem 1.3. Thus as a group
T (M(Z/q, 2))n−1 = Pn ∗φq Fn−1.
We give an more explicit description of the group T (M(Z/q, 2))n−1 using degener-
acy operations. Let {xj}j=1,...,n−1 be the set of generators for Fn−1 = F [S1]n−1 as
the second factor in the free product Pn ∗φq Fn−1 for 1 ≤ j ≤ n− 1. (Note. In the
introduction to Theorem 1.3, we write yj for xj .) As an element in F [S
1]n−1,
xj = sn−2 · · · sj+1sjsj−2sj−3 · · · s1s0σ1
for 1 ≤ j ≤ n− 1. The group T (M(Z/q, 2))n−1 is the quotient group of Pn ∗ Fn−1
by the relation
sj+1sjsj−2sj−3 · · · s1s0A1,2 = xqj
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for 1 ≤ j ≤ n − 1, where sj+1sjsj−2sj−3 · · · s1s0A1,2 the cabling of A1,2 as the
picture in the introduction.
Let z1 = x1, zn = xn−1 and zi = xix−1i−1, for i = 2, . . . , n − 1. Now let Ri =
〈zi〉Pn∗φqFn−1 be the normal closure of zi in Pn ∗φq Fn−1 for 1 ≤ i ≤ n and let
Rs,t = 〈As,t〉Pn∗φqFn−1 be the normal closure of As,t in Pn ∗φq Fn−1 for 1 ≤ s < t ≤
n. Define the index set Index(Rj) = {j} for 1 ≤ j ≤ n and Index(Rs,t) = {s, t} for
1 ≤ s < t ≤ n. Now define the symmetric commutator subgroup
[Ri, Rs,t | 1 ≤ i ≤ n, 1 ≤ s < t ≤ n]S =
∏
{1,2,...,n}=
t⋃
j=1
Index(Cj)
[[C1, C2], . . . , Ct],
where each Cj = Ri or Rs,t for some i or (s, t).
Theorem 5.1 (Theorem 1.3). The homotopy group pin(M(Z/q, 2)) is isomorphic
to the center of the group
(Pn ∗φq Fn−1)/[Ri, Rs,t | 1 ≤ i ≤ n, 1 ≤ s < t ≤ n]S
for any n > 3.
Proof. The proof is similar to that of Theorem 1.2. It is easy to see that the group
T (M(Z/q, 2))m = Pm+1 ∗φq Fm has the trivial center for m ≥ 2. From [22, Propo-
sition 2.14], pim(T (M(Z/q, 2))) ∼= pim+1(M(Z/q, 2)) is isomorphic to the center of
T (M(Z/2))m/BmT (M(Z/q, 2)) for m ≥ 3. Thus the key point is to show the
Moore boundaries
Bn−1T (M(Z/q, 2)) = [Ri, Rs,t | 1 ≤ i ≤ n, 1 ≤ s < t ≤ n]S .
We construct a simplicial group F˜ by F˜n−1 generated by the letters z1, . . . , zn with
face operation
djzk =
 zk for k < j + 11 for k = j + 1
zk−1 for k > j + 1
and degeneracy operations
sjzk =
 zk for k < j + 1zj+1zj+2 for k = j + 1
zk+1 for k > j + 1
for 0 ≤ j ≤ n − 1. Then F˜ is a simplicial group with a simplicial epimorphism
f : F˜ → F [S1] by sending the letter zj of F˜n−1 to the element zj ∈ F [S1]n−1. Let
g : G → AP∗ be the canonical simplicial epimorphism. Then we have the simplicial
epimorphism
G ∗ F˜ -- AP∗ ∗ F [S1] -- T (M(Z/q, 2)).
Observe that Ker(dn : (G ∗ F˜ )n → (G ∗ F˜ )n−1) is the normal closure of the elements
xi,n+1, zn+1. By repeating the arguments in the proof of Lemma 3.5, we have
Bn−1(G ∗ F˜ ) = [Ri, Rs,t | 1 ≤ i ≤ n, 1 ≤ s < t ≤ n]S
and hence the result. 
Example. Consider the case n = 3. The group
G = (P3 ∗φq F2)/[Ri, Rs,t | 1 ≤ i ≤ 3, 1 ≤ s < t ≤ 3]S
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is given by generators x1, x2, a12, a13, a23 and the following relations
xq1 = a12a13, x
q
2 = a13a23,
[[xg11 , x
g2
2 ], x1] = [[x
g1
1 , x
g2
2 ], x2] = 1, g1, g2 ∈ G
[ag12, a13] = [a
g
12, a23] = [a
g
13, a23] = 1, g ∈ G
[xg1, a23] = [(x1x
−1
2 )
g, a13] = [x
g
2, a12] = 1, g ∈ G.
Presenting a13, a23 via generators x1, x2, a12, we get the following 3-generator pre-
sentation of G:
[[xg11 , x
g2
2 ], x1] = [[x
g1
1 , x
g2
2 ], x2] = 1, g1, g2 ∈ G
[ag12, a
−1
12 x
q
1] = [a
g
12, x
−q
1 a12x
q
2] = [(a
−1
12 x
q
1)
g, x−q1 a12x
q
2] = 1, g ∈ G
[xg1, x
−q
1 a12x
q
2] = [(x1x
−1
2 )
g, a−112 x
q
1] = [x
g
2, a12] = 1, g ∈ G.
Straightforward computations show that G is a 3-generator nilpotent group of class
2, given by generators x1, x2, a12 and relations
[a12, x2] = [a12, x
q
1] = [x
q
1, x
q
2] = [x1, a12x
q
2] = [x1x
−1
2 , a
−1
12 x
q
1] = 1
[[G,G], G] = 1
It follows that the order of the element [x1, x2] is (2q, q
2) in G. The center of
G is bigger than the subgroup generated by [x1, x2], since a
q
12 lies in the center.
Denote Z1 = 〈a12, x1〉G, Z2 = 〈a12, x1x−12 〉G, Z3 = 〈x2〉G. The homotopy group
pi3M(Z/q, 2) is given now as the intersection
Z1 ∩ Z2 ∩ Z3 ' Z/(2q, q2).
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